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Abstract: For every two-dimensional torus T 2 and every k ∈ N, k ≥ 3, we
construct a conformal Willmore immersion f : T 2 → R4 with exactly one
point of density k and Willmore energy 4πk. Moreover, we show that the
energy value 8π cannot be attained by such an immersion. Additionally, we
characterize the branched double covers T 2 → S2 × {0} as the only branched
conformal immersions, up to Mo¨bius transformations of R4, from a torus into
R
4 with at least one branch point and Willmore energy 8π. Using a perturba-
tion argument in order to regularize a branched double cover, we finally show
that the infimum of the Willmore energy in every conformal class of tori is less
than or equal to 8π.
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1 Introduction
The famous Willmore conjecture states that the minimum of the Willmore energy among
all immersions f : T 2 → R3 from a two-dimensional torus is equal to 2π2 and it is attained
by the stereographic image of the Clifford torus S1( 1√
2
) × S1( 1√
2
) ⊂ S3. This conjecture
was recently proved by Marques and Neves [MaNe14]. We note that the Willmore energy
W(f) for an immersion f : Σ→ Rn of a Riemann surface Σ is defined to be
W(f) = 1
4
∫
Σ
|H|2 dµ,
1
where H and dµ are the mean curvature resp. the induced area element of the immersion.
Critical points of W are called Willmore immersions.
Another interesting question to ask is whether the infimum of the Willmore energy
is also attained in every conformal class of tori, or even more generally, if the infimum
is attained for every closed Riemann surface Σ of genus g ≥ 1. The immersions mini-
mizing the Willmore energy in a fixed conformal class are called conformally constrained
Willmore minimizers. The existence of these minimizers was established for some class
of closed Riemann surfaces in [KuSch13]. This was extended in [KuLi12] and [Ri14] to
Riemann surfaces Σ which admit a conformal immersion f : Σ → Rn with Willmore
energy W(f) < 8π , and in any case without energy restriction, a branched conformally
constrained minimizer was obtained. Smoothness without energy restriction and in any
codimension was proved for unbranched conformally constrained minimizers in [KuSch13],
and for branched conformally constrained minimizers, analyticity was proved in [Ri15] un-
der the assumption that either the genus of the surface is less than or equal to two or
the Teichmu¨ller class of the minimizing immersion is not hyperelliptic. Further, in [Ri15]
minimizing constrained by closed submanifolds of the Teichmu¨ller space rather than a
fixed class was considered. Moreover, in two papers of Ndiaye and the second author
[NdSch14, NdSch15], it was shown that the CMC-tori S1(r)×S1(√1− r2) ⊂ S3 minimize
the Willmore energy in their own conformal class in arbitrary codimensions if r ≈ 1/√2.
In this paper we study tori in higher codimension n ≥ 4 . Any torus is conformally
equivalent to a quotient T 2ω := C/(Z + ωZ) with geuc and
ω ∈M := {a+ ib | b > 0, 0 ≤ a ≤ 1/2, a2 + b2 ≥ 1 },
see [Jo] Theorem 2.7.1, and we put
Mn(ω) :=Mn,1(ω) := inf{W(f) | f : T 2ω → Rn conformal } (1.1)
for ω ∈ M . Our first main result is an existence statement for conformal Willmore tori
in every conformal class with a prescribed energy value.
Theorem 2.1 For any conformal class ω ∈ M and k ∈ N0, k ≥ 3, there exist con-
formal Willmore immersions fω,k : T
2
ω → R4 with exactly one point of density k and
W(fω,k) = 4kπ for k ≥ 3.
✷
We complement this result with a non-existence statement for conformal Willmore tori
with at least one double point and Willmore energy 8π.
Theorem 2.2 For every torus T 2 there is no immersion f0 : T
2 → R4 which has at
least one double point and for which W(f0) = 8π. ✷
A result similar to Theorem 2.1 for spheres was shown by Barbosa [Ba75] and Calabi
[Ca67]. For every integer k ∈ N\{2}, they showed the existence of a superminimal im-
mersion Φ : S2 → S4 with area 4kπ. Moreover, they showed that there is no minimal
immersion with area 8π. After stereographic projection at a point which is not in the
image of the surfaces, one obtains Willmore spheres in R4 with Willmore energy equal to
2
4kπ, k ∈ N\{2}. Note that on the other hand there exist Willmore spheres in R4 or S4
with Willmore energy 8π (for example the Whitney sphere), see e.g. [Mo00]. Further-
more, it was shown by Montiel [Mo00], that the Willmore energy of every Willmore sphere
S2 → S4 (or R4) has to be a multiple of 4π, thereby generalizing the codimension one
result of Bryant [Br84].
The particular implication of Theorem 2.1 that for any conformal class ω ∈ M there
exists a conformal Willmore immersion T 2ω → R4 is already known, as Bryant showed in
[Br82] that any closed Riemann surface Σ admits a conformal minimal, even a super-
minimal, immersion Σ→ S4 , which then is Willmore as well. Moreover, he constructed
the immersions as a Twistor projection T : CP 3 → S4 of a holomorphic horizontal curve
Φ : Σ→ CP 3 and he showed that the Willmore energy of the superminimal immersion has
to be a multiple of 4π. Note however, that Bryant only obtains the existence of one such
surface, whereas our result shows the existence of infinitely many Willmore immersions
on every torus.
Our construction of the conformal Willmore immersions is different to the one of
Bryant, since we obtain our immersions via an inversion of suitable conformal minimal
immersions in R4 with ends of multiplicity one. More precisely, we construct these immer-
sions via a pair of meromorphic functions (f, h) : T 2ω → R4 with exactly k ≥ 3 simple poles
and no common branch points. The existence of these functions follows basically from
the Riemann-Roch theorem. It then remains to show that by inverting the immersion
(f, h) one obtains an immersion as claimed in the theorem. In a remark after the proof of
Theorem 2.1, we show that all of our immersions are different from the one constructed
by Bryant.
A similar construction was employed previously by Weiner [We86]. He showed that for
every compact Riemann surfaceM of genus p which is a holomorphic submanifold of CPn,
for some n, of degree d, there exists a conformal immersion f :M → R4 withW(f) = 4πd
and which minimizes the Willmore energy in its regular homotopy class of immersions.
Since every compact Riemann surface satisfies these assumptions for some value of d and
n = 3 this implies the existence of a conformal Willmore immersion f :M → R4 for every
such Riemann surface. We remark that the above immersions arise in the study of the
equality case in an inequality derived by Wintgen [Wi78].
All constrained Willmore tori in S4 were classified by Bohle [Bo10]. He showed that
they are either superconformal or stereographic projections of minimal surfaces in R4 with
planar ends or the spectral curve has finite genus. The examples constructed by Bryant
[Br82] are superconformal and the minimal surfaces with flat ends constructed in Theorem
2.1 give rise to Willmore tori in S4 via stereographic projection
We note that the situation is somehow different in codimension one. Namely, there do
not exist minimal tori in R3 with two or three embedded planar ends. As finitely many
embedded planar ends imply finite total curvature, minimal tori in R3 with two embedded
planar ends are excluded by [S83]. For three embedded planar ends, this was ruled out by
Kusner and Schmitt [KuSchm95]. This shows in particular that Willmore tori in R3 with
Willmore energy 12π cannot be constructed via minimal surfaces.
In order to show the nonexistence result in Theorem 2.2, we invert the conformal im-
mersion f0 at the unit circle centered at one of its double points. It follows from a result of
Weiner [We86] that the image f is a conformal minimal immersion from a twice punctured
torus and ∂f is a meromorphic C4-valued one-form with poles of order two precisely at
the punctures. Using the fact that every torus is conformally equivalent to T 2ω for some
3
ω ∈ M, we show that the doubly periodic ∂zf can be expressed as a linear combination
of two suitably modified Weierstrass ℘-functions and a constant. Since f is conformal, we
are then able to show that we can reduce everything to codimension one, i.e. we construct
out of f a modified conformal minimal immersion f˜ from a twice punctured torus into
R
3 with finite total curvature, which is a contradiction to the above mentioned result of
Schoen [S83].
As an application and extension of the non-existence result for immersions from T 2 into
R
4 with at least one double point and Willmore energy 8π, we also classify all branched
conformal immersions from T 2ω , for every ω ∈ M, into R4 with at least one branch point
and Willmore energy 8π. We show that modulo Mo¨bius transformations these immersions
are given by a branched double cover T 2ω → S2 × {0}.
As already mentioned above, the existence of conformally constrained Willmore tori
is known under the assumption Mn(ω) < 8π. In our second main result we show that at
least the non-strict inequality holds by perturbing a branched double cover. More precisely
we have the following
Theorem 3.1 For any conformal class ω ∈ M , we have
M4(ω) ≤ 8π,
in particular Mn is continuous for n ≥ 4 . ✷
We show this result by using a perturbation argument which slighly resembles the con-
structions of counterexamples to rigidity results in [LaSch15]. More precisely, close to the
branch points of the branched double cover we add a small multiple of a suitably local-
ized holomorphic function in the second component and the new immersion is conformal
everywhere. The drawback of this construction is that this might change the conformal
class of the torus and we cope with this problem by showing that the induced Teichmu¨ller
class is surjective if the perturbation is small enough. Altogether, this yields a sequence
of conformal immersions from every torus whose Willmore energy converges to 8π from
above.
Finally, we use the classification result for branched conformal immersions from T 2ω
into R4, in order to show that a similar construction cannot be done in codimension one.
As a byproduct we show that for every conformal class ω ∈ M with M3(ω) ≤ 8π ,
there exists a smooth, conformally constrained Willmore minimizer f : T 2ω → R3, which
improves the above mentioned existence results in [KuLi12] and [Ri14] for tori in R3.
2 Willmore tori in higher codimension
In the first lemma of this section we show how one can construct a smooth immersion out
of meromorphic functions with at most simple poles at the origin. A version of this result
was already shown in [We86].
Lemma 2.1 Let f, f1, f2 : B1(0) − {0} ⊆ C → C be smooth functions which extend
smoothly to the origin or are holomorphic and have a simple pole at the origin, and let
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f1 be holomorphic with a simple pole at the origin. Then
ϕ :=
f
|f1|2 + |f2|2
with ϕ(0) := 0 is smooth locally around the origin. Moreover if f is holomorphic with
a simple pole at the origin, then Dϕ(0) has full rank.
Proof:
Since f1 has a pole at the origin, we know |f1|2+ |f2|2 6= 0 and ϕ is well defined locally
around 0 . We calculate for z 6= 0 close to 0
ϕ(z) = z¯
zf(z)
zf1(z)z¯f¯1(z) + zf2(z)z¯f¯2(z)
.
Since f, f1, f2 are smooth or have at most a simple pole at 0 , the functions
hi defined by hi(z) := zfi(z), i = 0, 1, 2, are smooth. We see
ϕ(z) = z¯
h(z)
|h1(z)|2 + |h2(z)|2
and, when observing that h1(0) 6= 0 , as f1 has a simple pole at 0 , we conclude that
ϕ is smooth at 0 .
Further if f is holomorphic with a simple pole at 0 , we know h(0) 6= 0 and calculate
by standard Wirtinger calculus that
∂zϕ = z¯ · ∂z
( h
|h1|2 + |h2|2
)
,
hence ∂zϕ(0) = 0 , and
∂z¯ϕ(0) =
h(0)
|h1(0)|2 + |h2(0)|2 6= 0.
Together
detDϕ(0) = |∂zϕ(0)|2 − |∂z¯ϕ(0)|2 6= 0,
and Dϕ(0) has full rank.
///
Next we show how the previous construction can be used in order to obtain smooth
conformal Willmore immersions in S4.
Proposition 2.2 Let f1, f2 : B1(0)→ C∪{∞} be two meromorphic functions with only
simple poles and
[f ′1 = 0] ∩ [f ′2 = 0] = ∅. (2.1)
Then for any Mo¨bius transformation Φ : R4∪{∞} ≈−→S4 , i.e. a composition of a Mo¨bius
transformation ϕ : S4 → S4 and the inverse of an arbitrary stereographic projection
T : S4
≈−→R4 ∪ {∞} , the map
Φ ◦ (f1, f2) : B1(0)→ S4
is a smooth conformal Willmore immersion.
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Proof:
If both f1, f2 are holomorphic, then (f1, f2) : B1(0) → C2 is smooth as well and with
pull-back metric
g := (f1, f2)
∗geuc = f∗1 geuc + f
∗
2 geuc = (|f ′1|2 + |f ′2|2)geuc,
as f1, f2 are conformal by holomorphy. Then by (2.1), we see that (f1, f2) is a conformal
immersion.
Moreover by holomorphy, f1, f2 are harmonic, hence by conformal invariance of the
Laplacian
~H(f1,f2) = ∆g(f1, f2) = 0,
and we conclude that (f1, f2) is minimal, in particular a Willmore immersion. By
conformal invariance Φ ◦ (f1, f2) is a Willmore immersion as well, hence proving the
proposition in the absence of poles.
Now the poles of f1, f2 do not accumulate in B1(0) by the definition of meromorphic
functions, and we assume that f1 or f2 has a simple pole at 0 . Instead of considering
a Mo¨bius transformation Φ : R4 ∪ {∞} ≈−→S4 , we consider the inversion I of R4 −
{0} given by (z, w) 7→ (z, w)/(|z|2 + |w|2) . By the previous lemma, we already know that
I ◦ (f1, f2) = (f1, f2)|f1|2 + |f2|2
is smooth locally around 0 and that D(I ◦ (f1, f2))(0) has full rank, hence I ◦ (f1, f2) is
a smooth immersion locally around 0 . Next I ◦ (f1, f2) is a smooth Willmore immersion
in a punctured disc of 0 by the argument above, hence I ◦ (f1, f2) is a smooth Willmore
immersion at 0 as well. Since every Mo¨bius transformation Φ : R4 ∪ {∞} ≈−→S4 can
be written as Φ′ ◦ I, where Φ′ : R4 ∪ {∞} ≈−→S4 is again a Mo¨bius transformation, this
concludes the proof of the proposition.
///
Combining the above two results with the Riemann-Roch theorem, which yields the exis-
tence of a meromorphic function with m ≥ 2 simple poles on every torus, we are now able
to show the first main theorem.
Theorem 2.1 For any conformal class ω ∈ M and k ∈ N0, k ≥ 3, there exist conformal
Willmore immersions fω,k : T
2
ω → R4 with exactly one point of density k and
W(fω,k) = 4kπ.
Proof:
By the Riemann-Roch theorem, there exists a meromorphic function f : T 2ω → S2 with
m simple poles for m ≥ 2 , see [Jo] Theorem 5.4.1, in particular f is of degree m .
Clearly this is a branched conformal immersion. Considering a meromorphic function
h with two simple poles and the covering projection π : C → T 2ω , any translation in
C by v ∈ C induces a conformal automorphism τv of T 2ω . Since f and h have only
finitely many branch points, we may replace h by h ◦ τv for appropriate v ∈ C such that
[df = 0] ∩ [dh = 0] = ∅.
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Moreover we may assume that h has no branching at the poles of f and that none of
the poles of f coincides with a pole of h . In this case
k := #{ poles of f or h } = m+ 2.
As m ≥ 2 was arbitrary, we can achieve for k any integer ≥ 4 . To achieve also k = 3 ,
we consider m = 2 and replace h by (h−h(p))−1 for some pole p of f , hence f and h
have at least one pole in common and the poles of h are still simple, as p is not a branch
point of h by above. Next, if the two poles of f and h were the same, then h = αf + β
by the Riemann-Roch theorem, which is impossible, since we already know that f and h
do not have common branch points. Hence we get k = 3 .
By the previous proposition, Φ ◦ (f, h) : T 2ω → S4 is a smooth conformal Willmore
immersion for any Mo¨bius transformation Φ : R4 ∪ {∞} ≈−→S4 . Moreover since f, h
are holomorphic in T 2ω − { poles of f or h } , hence harmonic, we see that (f, h) :
T 2ω − { poles of f or h } → C2 ∼= R4 is minimal, hence
W((f, h)) = 0.
Clearly by above, the preimages of infinity under (f, h) are exactly the poles of f and h ,
and since for the inversion I of R4 ∼= C2 the map I ◦(f, h) is a smooth immersion locally
around the poles of f and h by the previous lemma, we see by a standard calculation
and the Gauß-Bonnet theorem, that
W(I ◦ (f, h)) =W((f, h)) + 4π ·#((f, h)−1(∞)) = 4kπ,
where we also assumed without loss of generality that 0 /∈ (f, h)(T 2ω). Letting fω,k :=
I ◦ (f, h) concludes the proof of the proposition.
///
Remark:
It follows from [Fr84] that the immersion (f, h) : T 2ω − { poles of f or h } → C2 ∼=
R
4 constructed in Theorem 2.1 is superminimal. From the above results we get that
Φ−1N ◦ (f, h) = Φ−1S ◦ I ◦ (f, h) : T 2ω → S4 is a smooth conformal Willmore immersion. Here
ΦN resp. ΦS denote the stereographic projections from the north resp. south pole. Now
we claim that the immersion Φ−1N ◦ (f, h) is not minimal:
If we assume that both (f, h) and Φ−1N ◦ (f, h) are minimal, then it follows from the
transformation formula for the mean curvature under conformal changes
Hˆ = λ−2(H − λ−1(∇λ)⊥), (2.2)
where Hˆ is the mean curvature of the immersion with target (R4, λ2geuc), λ = 2/(1+ |x|2)
and v⊥ denotes the normal component of a vector v ∈ R4, that (f, h) is a minimal cone.
Since the intersection of every 2-dimensional minimal cone with the unit sphere S3 of R4
is a geodesic, it follows that (f, h) has to be a plane and Φ−1N ◦ (f, h) ⊂ S4 a geodesic
sphere, which contradicts the fact that our surfaces are tori.
Finally, we note that every Mo¨bius transformation Φ : R4 ∪ {∞} ≈−→S4 can be written
as Φ = R ◦ Φ−1N ◦ T , where R is a rotation of S4 und T is a composition of rotations,
dilations and translations of R4. This follows from choosing a rotation R of S4 so that
R(N) = Φ(∞). The map T := ΦN ◦ R−1 ◦ Φ : R4 ∪ {∞} → R4 ∪ {∞} is then a Mo¨bius
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transformation with T (∞) =∞. Now the rotation R maps minimal surfaces onto minimal
surfaces and great circles onto great circles and T also maps minimal surfaces onto minimal
surfaces.
Hence the above argument shows that Φ ◦ (f, h) cannot be minimal in S4 for every
Mo¨bius transformation Φ : R4 ∪{∞} ≈−→S4. In particular, all these surfaces are genuinely
different from the ones constructed by Bryant in [Br82]. ✷
The Willmore immersions constructed in Theorem 2.1 with Willmore energy 4πk, k ≥ 3 ,
all have a point of density k . We show that this is impossible for k = 2 .
Theorem 2.2 For every torus T 2 there is no immersion f0 : T
2 → R4 which has at least
one double point and for which W(f0) = 8π.
Proof:
Indeed if there is an immersion f0 : T
2 → R4 with W(f0) = 8π and at least one double
point, say f0(p1) = f0(p2) = 0 for some p1 6= p2 ∈ T 2 after translation, then by [We86]
Proposition 2 its inversion f := f0/|f0|2 : T 2−{p1, p2} → R4 is a minimal immersion and
∂f is a meromorphic C4− valued 1−form on T 2 with poles precisely at p1 6= p2 and each
pole is of order two. By conformal equivalence (T 2, f∗0 geuc) ∼= T 2ω for some ω 6∈ R , we may
consider f0 and f as conformal immersions doubly periodic with respect to Γ := Z+ωZ
on C respectively on C− {p1 + Γ 6= p2 + Γ}, p1, p2 ∈ C , and ∂zf = (∂1f − i∂2f)/2 is a
doubly periodic meromorphic C4−valued function with poles precisely at p1+Γ 6= p2+Γ
and each pole is of order two.
Next the Weierstrass ℘−function on C/Γ given by
℘(z) :=
1
z2
+
∑
γ∈Z+ωZ−{0}
( 1
(z − γ)2 −
1
γ2
)
,
see [Ah] §7.3.1, has a pole of order two with residue zero precisely at Γ . Then
℘l := ℘(.− pl)− ℘(p3−l − pl), l = 1, 2, (2.3)
has a pole of order two with residue zero precisely at pl + Γ and vanishes at p3−l + Γ .
Clearly as ℘ is an even function by above,
℘(p2 − p1) = ℘(p1 − p2). (2.4)
Then
℘1℘2 has at most simple poles at p1 + Γ, p2 + Γ, (2.5)
and for appropriate a, b ∈ C4 , also ∂zf − a℘1 − b℘2 has at most simple poles at
p1 + Γ, p2 + Γ . Clearly as ∂zf has a pole of order two at both p1 + Γ, p2 + Γ , we have
a, b 6= 0. (2.6)
As in the proof of Proposition 2.1 by the Riemann-Roch theorem, there exists a doubly
periodic meromorphic function w : C→ S2 with simple poles precisely at p1+Γ 6= p2+Γ ,
see [Jo] Theorem 5.4.1. We see by periodicity for the fundamental domain
I := {s+ tω | s, t ∈ [0, 1] }
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and ξ ∈ C with pl 6∈ Γ + ∂(ξ + I) that
0 =
1
2πi
∫
∂(ξ+I)
w(ζ) dζ = Res(w, p1) +Res(w, p2), (2.7)
and we may assume that Res(w, p1) = 1, Res(w, p2) = −1 . Likewise Res(∂zf, p1) +
Res(∂zf, p2) = 0 , and for c ∈ C4 we get that ∂zf − a℘1 − b℘2 − cw is doubly periodic
meromorphic without poles, hence is constant and
∂zf = a℘1 + b℘2 + cw + d (2.8)
for some d ∈ C4 . As ∂zf is the derivative of the real function f in B̺(pl) −
{pl} for small ̺ > 0 , the period of ∂zf around pl has to be purely imaginary, that
is
iR4 ∋
∫
∂B̺(pl)
∂zf(ζ) dζ =
∫
∂B̺(pl)
(a℘1 + b℘2 + cw + d)(ζ) dζ =
= 2πicRes(w, pl) = 2πi(−1)l−1c,
when recalling that the residues of ℘1, ℘2 and d vanish and that Res(w, pl) = (−1)l−1 .
We conclude that c ∈ R4 .
Introducing 〈z, w〉 =∑4j=1 zjwj for z, w ∈ C4 , conformality of f reads as
0 = 〈∂zf, ∂zf〉 =
= 〈a, a〉℘21 + 〈b, b〉℘22+
+2〈a, c〉℘1w + 2〈b, c〉℘2w+
+2〈a, d〉℘1 + 2〈b, d〉℘2+ ‖ c ‖2 w2+
+2〈a, b〉℘1℘2 + 2〈c, d〉w + 〈d, d〉. (2.9)
As ℘2l is the only function with a pole of order four at pl , we get
〈a, a〉, 〈b, b〉 = 0. (2.10)
Then ℘lw is the only apprearing function with a pole of order three at pl , and we get
〈a, c〉, 〈b, c〉 = 0. (2.11)
Next by (2.5), the only remaining functions with poles of order two are ℘1, ℘2 and w
2 .
℘l has one pole of order two precisely at pl and with leading term 1/(z − pl)2 . Since
w has two simple poles at p1, p2 with residue ±1 , we see that w2 has two poles of
order two at both p1, p2 and with leading term 1/(z − pl)2 . Therefore
2〈a, d〉+ ‖ c ‖2= 0,
2〈b, d〉+ ‖ c ‖2= 0.
(2.12)
We claim
c = 0. (2.13)
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Indeed if c 6= 0 , we may assume after a rotation and a homothety of R4 that c = e4 ,
as c is real. Then a4 = b4 = 0 by (2.11), and by (2.8)
∂zf4 = w + d4
has simple poles at p1 + Γ, p2 + Γ and expands to
∂zf4(p1 + z) =
1
z
+ ϕ(z) locally around p1
with ϕ holomorphic. Choosing a holomorphic ψ with ψ′ = ϕ locally around p1 , we
calculate
2∂z(log |z|+Re(ψ)(z)) = 1
z
+ ψ′(z) = ∂zf4 in B̺(0) − {0},
hence ∂z(f4(p1 + .)− log |.| −Re(ψ)) = 0 and
f4(p1 + z) = log |z|+Re(ψ(z)) in B̺(0)− {0}
for appropriate holomorphic ψ . We conclude
f4(p1 + z) ≍ log |z| for z → 0.
Since f0 = f/|f |2 is a smooth immersion vanishing at p1 , we get |f0(p1+ z)| ≍ |z| and
|f(p1 + z)| ≍ 1/|z| for z → 0.
Together
|f0,4(p1 + z)| = |f4(p1 + z)|/|f(p1 + z)|2 ≍ |z|2 log |z| for z → 0.
Then by smoothness of f0,4 , we get f0,4(p1) = 0,Df0,4(p1) = 0 , hence f0,4(p1 + z) ≤
C|z|2 . This is a contradiction, and (2.13) is proved.
//
Combining (2.9), (2.10), (2.12) and (2.13) yields
2〈a, b〉℘1℘2 + 〈d, d〉 = 0. (2.14)
Before proceeding, we prove that
aj + bj = 0 =⇒ dj = 0 for any j = 1, 2, 3, 4. (2.15)
Indeed considering j = 4 and as ∂zf4 is the derivative of a doubly periodic real function,
the period of ∂zf4 with respect to any closed path in T
2
ω − {p1, p2} has to be purely
imaginary. This reads for the paths [ξ, ξ + ωk], ω1 = 1, ω2 = ω , which are closed in T
2
ω ,
and appropriate ξ ∈ C with
pl 6∈ Γ + ∂(ξ − p1 + J)
where
J := {sωk + t(p1 − p2) | s, t ∈ [0, 1] }
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see below, when using (2.8) and (2.13) that
iR ∋
∫
[ξ,ξ+ωk]
∂zf4(ζ) dζ = a4
∫
[ξ,ξ+ωk]
℘1(ζ) dζ + b4
∫
[ξ,ξ+ωk]
℘2(ζ) dζ + d4ωk. (2.16)
By definition of ℘l in (2.3) and by (2.4), we see∫
[ξ,ξ+ωk]
(℘1 − ℘2)(ζ) dζ =
∫
[ξ,ξ+ωk]
(℘(ζ − p1)− ℘(ζ − p2)) dζ =
=
∫
[ξ−p1,ξ−p1+ωk]−[ξ−p2,ξ−p2+ωk]
℘(ζ) dζ =
=
∫
[ξ−p1,ξ−p1+ωk]+[ξ−p1+ωk,ξ−p2+ωk]+[ξ−p2+ωk,ξ−p2]+[ξ−p2,ξ−p1]
℘(ζ) dζ = 0
=
∫
∂(ξ−p1+J)
℘(ζ) dζ = 0 (2.17)
by periodicity and meromorphy of ℘ and recalling that all residues of ℘ vanish. Putting
σk :=
∫
[ξ,ξ+ωk]
℘l(ζ) dζ
independent of l = 1, 2 , we rewrite (2.16) into
(a4 + b4)σk + d4ωk ∈ iR.
Now if a4 + b4 = 0 then d4ωk ∈ iR , hence d4 = 0 , as ω2/ω1 = ω 6∈ R , and (2.15) is
proved.
//
We continue with the case
〈a, b〉 = 0. (2.18)
From (2.10), we see that Re(a) ⊥ Im(a), |Re(a)| = |Im(a)| . As a 6= 0 by (2.6), we may
assume after a rotation and a homothety of R4 that a = e1 − ie2 . Then by (2.18)
0 = 〈a, b〉 = b1 − ib2,
and by (2.10)
0 = 〈b, b〉 = b21 + b22 + b23 + b24 = b23 + b24,
hence likewise b4 = −ib3 or b3 − ib4 = 0 after reflection at R3 × {0} . Next combining
(2.12) and (2.13), we get 〈a, d〉, 〈b, d〉 = 0 . Firstly
0 = 〈a, d〉 = d1 − id2,
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and secondly by above
0 = 〈b, d〉 = b1d1 + b2d2 + b3d3 + b4d4 =
= b1d1 + (−i)b1(−i)d1 + b3d3 − ib3d4 = b3(d3 − id4),
hence
d3 − id4 = 0,
if b3 6= 0 . Otherwise if b3 = 0 then also b4 = 0 , hence aj + bj = 0 for j = 3, 4 and
dj = 0 by (2.15). In both cases we have d3 − id4 = 0 .
Combining the above, we see
∂zf1 − i∂zf2, ∂zf3 − i∂zf4 = 0,
hence, as f is real,
0 = ∂zf1 − i∂zf2 = ∂z¯(f1 + if2)
and h1 := f1+ if2 and likewise h2 := f3+ if4 are doubly periodic meromorphic functions
with poles only at p1, p2 . Clearly by elementary function theory
h′1 = 2∂zRe(h1) = 2∂zf1 = 2i∂zIm(h1) = 2i∂zf2
and likewise for h2, hence
∂zf =
1
2
(h′1,−ih′1, h′2,−ih′2).
Therefore h′1, h
′
2 have poles of order at most two at p1, p2 , and h1, h2 have at most
simple poles at p1, p2 . As (2.7) by periodicity, the two residues of hl add up to zero,
hence
hl = αlw + βl
for appropriate αl, βl ∈ C, l = 1, 2 . Clearly w has branch points, that is w′(p) = 0 for
at least one p ∈ C−{p1+Γ, p2+Γ} . Then h′1(p), h′2(p) = 0 and by above ∂zf(p) = 0 .
This contradicts our assumption that f0 is an immersion on C and f is an immersion
on C− {p1 + Γ, p2 + Γ} . Therefore the case 〈a, b〉 = 0 is impossible.
//
In the remaining case when
〈a, b〉 6= 0, (2.19)
we reduce to codimension one. After a rotation of R4 , we may assume that
Re(a+ b), Im(a + b) ∈ R2 × {0},
hence
a3 + b3, a4 + b4 = 0 (2.20)
and further d3, d4 = 0 by (2.15).
We define
f˜ := (f1, f2, f˜3), a˜ := (a1, a2, a˜3), b˜ := (b1, b2, b˜3), d˜ := (d1, d2, 0)
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for appropriate f˜3, a˜3, b˜3 to be chosen below. Clearly by (2.12) and (2.13)
〈a˜, d˜〉 = 〈a, d〉 = 0, 〈b˜, d˜〉 = 〈b, d〉 = 0.
Choosing a˜3 ∈ C with
a˜23 = a
2
3 + a
2
4
and b˜3 = −a˜3 , hence by (2.20)
b˜23 = a˜
2
3 = a
2
3 + a
2
4 = b
2
3 + b
2
4,
we see a˜3 + b˜3 = 0 and by (2.10)
〈a˜, a˜〉 = a21 + a22 + a˜23 = a21 + a22 + a23 + a24 = 〈a, a〉 = 0
and likewise 〈b˜, b˜〉 = 0 . Further using (2.20)
〈a˜, b˜〉 = a1b1 + a2b2 + a˜3b˜3 = a1b1 + a2b2 − a˜23 =
= a1b1 + a2b2 − a23 − a24 = a1b1 + a2b2 + a3b3 + a4b4 = 〈a, b〉. (2.21)
Also we want to establish that
a˜3 6= 0. (2.22)
Indeed if a˜3 = 0 then a
2
3 + a
2
4 = a˜
2
3 = 0 and by (2.10)
a21 + a
2
2 = −a23 − a24 = 0,
hence a2 = ±ia1 . Next by (2.12) and (2.13)
0 = 〈a, d〉 = a1d1 + a2d2 = a1(d1 ± id2).
If a1 = 0 then also a2 = ±ia1 = 0 and by (2.20)
〈a, b〉 = a3b3 + a4b4 = −a23 − a24 = 0,
contrary to our assumption (2.19). Therefore a1 6= 0 , and we get d1 ± id2 = 0 . This
yields
〈d, d〉 = d21 + d22 = 0
and by (2.14) that
〈a, b〉℘1℘2 = 0.
As ℘1, ℘2 6≡ 0 are meromorphic functions, we get 〈a, b〉 = 0 , contrary to our assumption
(2.19), and (2.22) is proved.
We want to define f˜3 in such a way that
∂z f˜3 = a˜3℘1 + b˜3℘2 = a˜3(℘1 − ℘2). (2.23)
Then
∂z f˜ = a˜℘1 + b˜℘2 + d˜
and as in (2.9)
〈∂z f˜ , ∂z f˜〉 = 0,
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that is f˜ : C− {p1 + Γ, p2 + Γ} → R3 is weakly conformal.
We turn to (2.23). Now ℘1 − ℘2 is a doubly periodic meromorphic function with
poles precisely at p1+Γ, p2+Γ and these poles are of order two with residue zero, more
precisely with princial part
(−1)l−1(z − pl)−2 at pl + Γ, l = 1, 2.
As the poles have vanishing residues, the function ℘1 − ℘2 integrates to a meromor-
phic function w˜ on C with simple poles precisely at p1 + Γ, p2 + Γ and with residues
(−1)l at pl + Γ . As by (2.17) ∫
[ξ,ξ+ωk]
(℘1 − ℘2)(ζ) dζ = 0
for ω1 = 1, ω2 = ω and appropriate ξ ∈ C , we see that w˜ is doubly periodic. Comparing
the residues of w, w˜ , we see that w + w˜ is doubly periodic meromorphic without poles,
hence constant. Therefore
w′ = −w˜′ = −(℘1 − ℘2).
Putting
f˜3 := Re(−2a˜3w),
we calculate
∂z f˜3 = −2∂zRe(a˜3w) = −(a˜3w)′ = a˜3(℘1 − ℘2),
which is (2.23).
If ∂z f˜(p) = 0 for some p ∈ C− {p1 + Γ, p2 + Γ} , then ∂zf1(p), ∂2f2(p) = 0 and
0 = ∂z f˜3 = a˜3(℘1 − ℘2)(p) = 0.
As a˜3 6= 0 by (2.22), we get (℘1 − ℘2)(p) = 0 and further by (2.8) and (2.20) that
∂zfj(p) = aj℘1(p) + bj℘2(p) = aj(℘1 − ℘2)(p) = 0 for j = 3, 4.
Together ∂zf(p) = 0 , contrary to our assumption that f0 is an immersion on C and
f is an immersion on C−{p1+Γ, p2+Γ} . Therefore ∂z f˜ 6= 0 on C−{p1+Γ, p2+Γ} ,
and
f˜ : C− {p1 + Γ, p2 + Γ} → R3
is a conformal immersion. Moreover f˜1 = f1, f˜2 = f2 and f˜3 = Re(−2a˜3w) are harmonic
functions, and therefore f˜ is a minimal conformal immersion.
To analyse f˜ close to p1, p2 , we put fˆ(z) := f˜(p1+(1/z)) for |z| ≫ 1 and calculate
∂z fˆ(z) = − 1
z2
∂z f˜(p1 +
1
z
) =
= − 1
z2
(
a˜℘(
1
z
) + b˜℘(p1 − p2 + 1
z
) + d˜− (a˜+ b˜)℘(p2 − p1)
)
=
= − 1
z2
(
a˜z2 +O(1)
)
= −a˜+O( 1
z2
),
hence
∂z fˆ(z)→ a˜ 6= 0 for z →∞. (2.24)
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Therefore the gradient of fˆ is bounded for large z , and we can estimate
|fˆ(z)| ≤ C(1 + |z|).
Putting fˆ̺(z) := ̺fˆ(z/̺) , we see
|fˆ̺(z)| ≤ C(̺+ |z|),
hence fˆ̺ is locally bounded in compact subsets of C−{0} . As further fˆ̺ is harmonic,
we see for a subsequence that fˆ̺ → fˆ0 smoothly in compact subsets of C − {0} and by
above
|fˆ0(z)| ≤ C|z|
and
∂z fˆ0(z)← ∂z fˆ̺(z)→ a˜,
hence
fˆ0(z) = 2Re(a˜)Re(z) − 2Im(a˜)Im(z)
and fˆ̺ → fˆ0 smoothly in compact subsets of C − {0} for the whole family. Clearly as
〈a˜, a˜〉 = 0, a˜ 6= 0 , we see that Re(a)/|Re(a)|, Im(a)/|Im(a)| is an orthonormal basis
of a two dimensional subspace of R3 . Therefore ∂BR(0) intersects f˜(T
2
ω − {p1, p2})
transversally in two closed curves whose preimages contract to p1 resp. p2 for large R ,
and we get for the geodesic curvature κ∂(f˜−1(BR(0))) that∫
f˜−1(∂BR(0))
κ
∂(f˜−1(BR(0)))
dσg˜ → −4π as R→∞.
Here we let g˜ := f˜∗geuc on T 2ω be the pull-back metric and dσg˜ is the induced line
element. Moreover, we denote by µg˜ the induced area measure and, since f˜ is minimal,
the Gauß curvature is given by Kg˜ = −|Af˜ |2/2 ≤ 0 , where Af˜ is the second fundamental
form of f˜ . Using the Gauß-Bonnet Theorem it follows that∫
T 2ω−{p1,p2}
Kg˜ dµg˜ ←
∫
f˜−1(BR(0))
Kg˜ dµg˜ =
= 2πχ(f˜−1(BR(0))) +
∫
f˜−1(∂BR(0))
κ
∂(f˜−1(BR(0)))
dσg˜ → −8π,
where we used that f˜−1(∂BR(0)) consists of two closed curves which contract to p1 resp.
p2 for R→∞ , therefore these curves bound disks and hence f˜−1(BR(0)) ∼= T 2ω−{p1, p2}
for R large enough. In particular, we obtain∫
T 2ω−{p1,p2}
|A
f˜
|2 dµg˜ = 16π <∞.
Then by [S83] Proposition 1 and Theorem 3, we get that f˜ parametrizes a pair of planes
or a catenoid. But this is impossible, as f˜ is defined on T 2ω−{p1, p2} , and hence excludes
the final case. Therefore there is no immersion of a torus with Willmore energy 8π and
at least one double point.
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///
In the next Proposition we show that the proof of the above theorem can be modified in
order to classify all branched conformal immersions from a torus into R4 with at least one
branch point and Willmore energy 8π.
Proposition 2.3 Any branched conformal immersion from T 2ω , ω ∈ M, into R4 with at
least one branch point and with Willmore energy 8π is given, up to Mo¨bius transformations,
by a branched double cover T 2ω → S2, in particular, it has four branch points.
Proof: We start by noting that the assumption on the Willmore energy implies that the
multiplicity of every point x ∈ f0(T 2ω) can be at most two, see [LY82]. Next we assume that
p ∈ T 2ω is a branch point of order two of f0 and without loss of generality we let f0(p) = 0.
As in the proof of the above theorem, we get that the inversion f := I(f0) = f0/|f0|2 :
T 2ω −{p} → R4 is a branched conformal immersion. Here we used that f−10 (0) = {p} since
otherwise the multiplicity of 0 ∈ f0(T 2ω) would be at least three. Additionally, it follows
from Corollary 2 in [Ng12] that f is minimal. If we now choose local conformal coordinates
around p which map p onto the origin, we have that |f0(z)| ≍ |z|2, |∂zf0(z)| ≍ |z|. Hence
we also get a local conformal parametrization of f0(B1(0)) and f(B1(0)) around p with
g(z) := (f∗geuc)(z) = (f∗0 I
∗geuc)(z) = (f∗0 (| · |−4geuc))(z) =
= |f0(z)|−4|∂zf0(z)|2geuc ≍ |z|−6geuc
at least for z close to 0. Since on the other hand
g(z) = |∂zf(z)|2geuc
we conclude that
|∂zf | ≍ |z|−3
and hence ∂f is a meromorphic C4-valued 1-form on T 2ω with a pole of order three at p.
Without loss of generality we assume from now on that p = 0. Again, we consider f0
and f as branched conformal immersions which are doubly periodic with respect to Γ on
C− Γ.
Next we choose a, b ∈ C4 so that ∂zf − a℘′ − b℘ has a pole of order at most one in Γ.
Note that a 6= 0. Since there are no meromorphic doubly periodic functions with only one
pole of order one, there exists d ∈ C4 so that
∂zf = a℘
′ + b℘+ d.
Since f is conformal away from its branch points, we conclude
0 = 〈∂zf, ∂zf〉 =
= 〈a, a〉(℘′)2 + 2〈a, b〉℘′℘+ 〈b, b〉℘2+
+2〈a, d〉℘′ + 2〈b, d〉℘ + 〈d, d〉.
Comparing the order of the poles at the origin of the functions on the right hand side
implies iteratively
0 = 〈a, a〉 = 〈a, b〉 = 〈b, b〉 = 〈a, d〉 = 〈b, d〉 = 〈d, d〉. (2.25)
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Arguing as in the previous theorem, as a 6= 0, we can assume that a = e1 − ie2 and
therefore also b1 − ib2 = 0 and b3 − ib4 = 0 after a reflection. Moreover, d1 − id2 = 0 and
(d3 + id4)(d3 − id4) = d23 + d24 = −d21 − d22 = 0. Lastly, we calculate
0 = 〈b, d〉 = b3(d3 − id4).
Now either d3 − id4 = 0, from which we conclude
0 = ∂zf1 − i∂zf2 = ∂zf3 − i∂zf4
and as in the previous theorem, this implies that the doubly periodic meromorphic func-
tions h1 = f1 + if2, h2 = f3 + if4 have at most one double pole at 0. In the second case
we have b3 = 0, which implies b4 = 0 and d3 + id4 = 0. Here we get
0 = ∂zf1 − i∂zf2 = ∂zf3 + i∂zf4
and this time we let h1 = f1 + if2 and h2 := f3 − if4 and then we can repeat the above
argument.
In both cases we conclude that there exist αl, βl ∈ C, l = 1, 2, with
hl = αl℘+ βl
and
∂zf =
1
2
(h′1,−ih′1, h′2,−ih′2).
This implies in particular that
∂zf3 = ∂zRe(α2℘+ β2) = (1/2)(α2℘)
′ = (α2/2)℘′.
Since on the other hand we have a3 = 0 this yields
b3℘+ d3 = (α2/2)℘
′
and by comparing again the order of the poles of the involved functions we get
b3 = b4 = d3 = d4 = α2 = 0.
Hence we conclude that f3 and f4 are constant and f1 = Re(α1℘+β1), f2 = Im(α1℘+β1).
Clearly α1 6= 0 as a 6= 0 and we can compose f with a dilation and a translation in order
to get that
f : T 2ω → R2 × {0}, f(z) = (℘(z), 0)
and f resp. f0 is a branched double cover. Note that the degree of ℘ is two and the theorem
of Riemann-Hurwitz, see [Jo] Theorem 2.5.2, implies that ℘ has four branch points.
///
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3 Infimal Willmore energy for fixed conformal class in
higher codimension
In the previous section, we showed that there are no immersed tori in R4 with Willmore
energy equal to 8π and at least one double point. Additionally, we showed that the only
branched conformal immersion with Willmore energy 8π is, up to Mo¨bius transformations,
a branched double cover T 2 → S2. In this section, we show by perturbing this branched
immersion that the infimal Willmore energy of smooth conformal immersions is at most
8π in any conformal class of tori.
Theorem 3.1 For any conformal class ω ∈ M , we have
M4(ω) ≤ 8π, (3.1)
in particular Mn is continuous for n ≥ 4 .
Proof:
For σ close to ω the Weierstrass ℘−function is given by
℘σ(z) :=
1
z2
+
∑
γ∈Z+σZ−{0}
( 1
(z − γ)2 −
1
γ2
)
,
see the proof of Proposition 2.2 and [Ah] §7.3.1. This is a doubly-periodic, meromorphic
function with one pole of order two at the origin apart from congruences with respect to
the lattice Z+σZ . It can be considered as a holomorphic mapping T 2σ = C/Z+σZ→ S2 ,
which is of degree two and has four branch points according to the theorem of Riemann-
Hurwitz, see [Jo] Theorem 2.5.2. To work with simple poles as in §2, we choose α ∈ C
which has two preimages with non-vanishing derivative of ℘ω and see that (℘σ − α)−1
is doubly-periodic and meromorphic with two simple poles apart from congruences for
σ ≈ ω . We transform this on the fixed reference torus T 2 := C/Z + iZ by the linear
map Aσ : C
≈−→C, Aσ := (e1, σ) , which maps Z + iZ onto Z + σZ , hence factors to a
diffeomorphism T 2
≈−→T 2σ , and put
fσ := (℘σ − α)−1 ◦ Aσ ◦ (C→ T 2)−1 : T 2 → C ∪ {∞}
for the canonical quotient map C → T 2 . As the poles are simple now, we know from
Proposition 2.2 that for any Mo¨bius transformation Φ : R4 ∪ {∞} ≈−→S4 the map Φ ◦
(fσ, 0) : T
2 → S4 is smooth and an immersion outside the branch points of fσ . We note
that (℘σ(z)−α)−1 is a continuous function which is analytic in the variables z, σ separately
away from its poles. Therefore, it follows from Osgood’s Lemma (see e.g. [GuRo]), that
fσ depends analytically on (z, σ) outside the poles. Clearly, fσ induces the conformal
class σ , provided that σ ∈ M . To avoid problems when ω ∈ ∂M , we work instead in
the Teichmu¨ller space T = [Im > 0] ⊆ C , then clearly fσ induces the Teichmu¨ller class
σ . For the Teichmu¨ller space, we refer to [FiTr84] and [Tr].
Let p0, p1 ∈ T 2 be the two poles and b1, . . . b4 ∈ T 2 be the branch points of
fω , which are distinct, as the poles are simple. We fix δ > 0 such that the balls
B3δ(pi), B3δ(bj) for i = 0, 1, j = 1, 2, 3, 4, are pairwise disjoint congruent to Z+ iZ and
are evenly covered by C→ T 2 . Next for σ ∈ B̺(ω) with ̺ > 0 small, fσ has exactly
one pole respectively one branch point in Bδ(pi), Bδ(bj) . As in §2, we add a function ϕσ
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in order that Φ ◦ (fσ, εϕσ) is an immersion also at bj for ε > 0 and for every Mo¨bius
transformation Φ : R4 ∪ {∞} ≈−→S4 . This is done by choosing ϕσ to be holomorphic in
B2δ(bj) , more precisely we consider z = (x, y) 7→ Aσz which obviously is holomorphic
in the complex structure induced by Aσ : C
≈−→C . Then we put for some cut-off function
η ∈ C∞0 (B3δ(0)), 0 ≤ η ≤ 1, η ≡ 1 in B2δ(0) , that
ϕσ(p) :=
4∑
j=1
η(p − bj)Aσp for p ∈ T 2,
where we take any branch of Aσ locally in B3δ(bj) . We calculate in B2δ(bj) by holo-
morphy
(fσ, εϕσ)
∗geuc = ((℘σ − α)−1 ◦ Aσ, εAσ)∗geuc = A∗σ(|(℘σ − α)−1)′|2 + ε2)geuc
and see that (fσ, εϕσ) is a smooth immersion in B2δ(bj) for ε > 0 which is conformal
to A∗σgeuc . Similarly, we have outside of ∪4j=1B3δ(bj) ∪ {p1, p2}
(fσ, εϕσ)
∗geuc = ((℘σ − α)−1 ◦ Aσ, 0)∗geuc = A∗σ|(℘σ − α)−1)′|2geuc.
As Φ ◦ fσ is an immersion in T 2 − ∪4j=1Bδ(bj) and supp ϕσ ⊆ ∪4j=1B3δ(bj) , we
see that Proposition 2.2 implies that Φ ◦ (fσ, εϕσ) is an immersion on T 2 for ε > 0 ,
σ ∈ B̺(ω) for ̺ > 0 small and for any Mo¨bius transformation Φ : R4 ∪ {∞} ≈−→S4 .
Moreover the pull-back metric of Φ ◦ (fσ, εϕσ) is conformal to A∗σgeuc outside of
∪4j=1[dη(· − bj) 6= 0] ⊆
4⋃
j=1
(
B3δ(bj)−B2δ(bj)
)
.
Next we introduce the projection π : Met = { smooth metrics on T 2} → T in the
Teichmu¨ller space and examine the Teichmu¨ller class induced by Φ◦ (fσ, εϕσ) by putting
for every ε > 0
τ(σ, ε) := π
(
(Φ ◦ (fσ, εϕσ))∗geuc
)
.
The projection π is smooth in the W s,2 − topology of Met , see [FiTr84] Theorem 1.5,
2.2, 7.7, 7.8, §8,9 for s > 2 and [Tr] Theorem 1.3.2, 1.6.2, Corollary 1.3.3, Remark 2.5.3
(1) for s > 3 . Therefore it follows from the above smoothness considerations for fσ that
τ is continuous in T ×R+ and we claim that limn→∞ τ(σn, εn) = σ as (σn, εn)→ (σ, 0) .
In order to see this we let η be as above and we define the function λσ,ε : C→ R+ by
λσ,ε(z) = 1 +
4∑
j=1
η(z − bj)
(
1
|(℘σ − α)−1(Aσ(z)))′|2 + ε2 − 1
)
+
2∑
i=1
η(z − pi)
(
1
|(℘σ − α)−1(Aσ(z)))′|2 − 1
)
.
Using this definition and the above expressions for the metric (fσ, εϕσ)
∗geuc near the
branch points resp. poles, it follows that the new metric
λσ,ε(fσ, εϕσ)
∗geuc
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can be smoothly extended into the poles and is independent of ε outside of ∪4j=1B3δ(bj)−
B2δ(bj) . Moreover, it depends smoothly on (σ, ε) and is a smooth nondegenerate metric
also for ε = 0 . Therefore, the new metric converges smoothly and since
τ(σ, ε) = π(λσ,ε(fσ, εϕσ)
∗geuc)
and
π(λσ,0(fσ, 0)
∗geuc) = σ
we finish the proof of the claim. As by the above limε→0 τ(σ, ε) = σ , we know for ε > 0
small that the mapping degree is
deg(τ(·, ε), B̺(ω), ω) = 1,
hence there exists σε ≈ ω with τ(σε, ε) = ω and therefore, for every ε > 0 small, we
have
M4(ω) ≤ W(Φ ◦ (fσε , εϕσε)).
As in the previous proposition, it follows from Gauss-Bonnet that
W(Φ ◦ (fσε , εϕσε)) = 8π +W((fσε , εϕσε)).
Since (fσε , εϕσε) is holomorphic and hence minimal outside of
⋃4
j=1
(
B3δ(bj)−B2δ(bj)
)
we get
W((fσε , εϕσε)) =W((fσε , εϕσε)|⋃4
j=1(B3δ(bj )−B2δ(bj))).
Moreover, (fσε , εϕσε)→ (fσ, 0) smoothly on
⋃4
j=1
(
B3δ(bj)−B2δ(bj)
)
, which implies
W((fσε , εϕσε)|⋃4
j=1(B3δ(bj)−B2δ(bj)))→W((fσ , 0))|⋃4j=1(B3δ(bj)−B2δ(bj))) = 0
and therefore
M4(ω) ≤ lim
ε→0
W(Φ ◦ (fσε , εϕσε)) = 8π,
thereby establishing (3.1).
The continuity of Mn for n ≥ 4 follows directly from (3.1) and [Sch13] Proposition
4.1.
///
Remark:
The above construction is not possible in codimension one. Indeed, let fk : T
2
ω → R3, ω ∈
M , be a sequence of conformal immersions with
lim sup
k→∞
W(fk) ≤ 8π
and
fk → f0 weakly in W 2,2loc (T 2ω − S,R3)
for some finite set S ⊆ T 2ω and where f0 : T 2ω → R3 is a branched conformal
W 2,2−immersion with square integrable second fundamental form. We know that this
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is true by [KuLi12] Proposition 4.1 for a subsequence fk replaced by Φk ◦ fk for appro-
priate Mo¨bius transformations Φk of R
3 .
Now we assume that f0 has at least one branch point p ∈ T 2ω . We have W(f0) ≤ 8π
by lower semicontinuity, and assuming f0(p) = 0 after translation, we get as in the
proof of Proposition 2.3 with [LY82] and [Ng12] Corollary 2 that the inversion f :=
I(f0) = f0/|f0|2 : T 2ω − {p} → R3 is a branched conformal minimal immersion. Then
outside the finitely many branch points of f0 respectively of f , hence almost everywhere
on T 2ω − {p} , we get ∆f = 0 , in particular f is smooth on T 2ω − {p} . Moreover
|f0(p + z)| ≍ |z|2 and |∇f0(p + z)| ≍ |z| by [KuLi12] Theorem 3.1 and its proof, as the
branch point p of f0 has order two, hence as in the proof of Proposition 2.3
|∂zf(p+ z)| ≍ |z|−3
and ∂f is a meromorphic C3-valued 1-form on T 2ω with a pole of order three at p .
Then the proof of Proposition 2.3 proceeds, and f0 is up to Mo¨bius transformations a
branched double cover T 2ω → S2 , in particular it has four branch points. By the proof
of [KuLi12] Proposition 4.1, these branch points are contained in the exceptional set S ,
hence #(S) ≥ 4 , and∫
T 2ω
|Af0 |2 dµf0 +#(S)γ3 ≤ lim sup
k→∞
∫
T 2ω
|Afk |2 dµfk ,
where γ3 = 8π in codimension one, see [KuLi12] Corollary 2.4 and Proposition 4.1 and
[Sch13] Proposition 5.1. Since by the Gauß-Bonnet theorem and the Gauß equations
lim sup
k→∞
∫
T 2ω
|Afk |2 dµfk = lim sup
k→∞
(
4W(fk)− 2
∫
T 2ω
Kfk dµfk
)
≤ 32π
and #(S) ≥ 4 , we conclude that Af0 ≡ 0 , which is not true, as f0 : T 2ω → S2 is a
branched double cover.
Therefore f0 is an unbranched conformal W
2,2−immersion. Moreover by [KuLi12]
Theorem 3.1, we see that f0 is uniformly conformal in the sense that f
∗
0 geuc =
e2ugeuc with u ∈ L∞(T 2ω) . If further M3(ω) = 8π , that is fk is a minimizing sequence,
then by [KuSch13] Theorem 7.4, we get that f0 is a smooth conformally constrained
minimizer of the Willmore energy on T 2ω in R
3 .
✷
Combining with [KuLi12] Corollary 4.1 or [Ri14] Theorem 1.17, we obtain the follow-
ing corollary which improves the existence result for conformally constrained Willmore
minimizers of Kuwert-Li [KuLi12] and Rivie`re [Ri14] in the case of tori in R3.
Corollary 3.2 For every conformal class ω ∈ M with M3(ω) ≤ 8π , there exists a
smooth conformal immersion f : T 2ω → R3 which minimizes the Willmore energy in the
set of all conformal immersions on T 2ω → R3 .
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